ABSTRACT. The genus-dependence of multi-loop superstring amplitudes is bounded at large orders in perturbation theory using the super-Schottky group parametrization of supermoduli space. Partial estimates of supermoduli space integrals suggest an exponential dependence on the genus when the integration region is restricted to a single fundamental domain of the super-modular group in the super-Schottky parameter space. Bounds for N-point superstring scattering amplitudes are obtained for arbitrary N and are shown to be consistent with exact results recently obtained for special type II string amplitudes for orbifold or Calabi-Yau compactifications. It is suggested that the generic estimates, which imply the validity of superstring perturbation theory in the weak-coupling limit, might be used to determine scattering amplitudes at strong coupling because of the S-duality of type II and heterotic string theories.
The combination of supersymmetry and the smooth geometry of the interaction region in superstring theory has been shown to lead to finite scattering amplitudes at each order in perturbation theory and vanishing multiloop amplitudes when there are fewer than four external massless states. These results may be contrasted with the divergent amplitudes and even the genus-dependence of regularized amplitudes in bosonic string theory. In particular, a lower bound for the regularized closed bosonic string path integral was found to increase at a factorial rate with respect to the genus. This bound was based on an argument typically used in field theory, the counting of non-isomorphic trivalent graphs, and appeared to be independent of the content of the string theory. It has been suggested that this counting of diagrams, and therefore the growth, could persist in superstring theory [1] . However, the lower bound of [2] was derived from an integral over Teichmuller space rather than moduli space and does not suggest a connection between supersymmetry and large-order string perturbation theory. Similarly, a counting of cells in a triangulation of punctured moduli space yields a factorial growth with respect to the genus [3] , but this estimate will be reduced by the introduction of a cut-off in moduli space, excluding those Riemann surfaces with closed geodesics having lengths less than some genus-independent
bound.
An analysis of the regularized bosonic string vacuum amplitude in the Schottky parametrization has revealed that the restriction to a single copy of the fundamental region of the modular group reduces the regularized path integral by a genus-dependent factor [4] . Although the regularized integral increases rapidly with respect to the genus, it does not grow at a factorial rate, thus leaving open the possibility of a qualitatively different result for superstrings. Moreover, a connection is established between the genusdependence of the limits for the Schottky group parameters and the large-order behaviour of the amplitudes, suggesting that the infrared and large-order divergences, which occur in the infinite-genus limit for the bosonic string, might be simultaneously eliminated in the superstring path integral. The techniques of [4] shall be adapted to superstring theory in this paper. It will be demonstrated that, based on a partial estimate of the bounded superstring amplitudes, the maximal dependence on the genus may be exponential, revealing a higher degree of finiteness in the large-order limit.
Superstring scattering amplitudes are given in general by supermoduli space integrals [5] 
where dµ sW P is the super Weil-Petersson measure, Ψ α ∈ Ker 0 , represents the evaluation of the path integral over the scalar position superfields X µ , and the integral is restricted to a (3g − 3|2g − 2) complex-dimensional slice of super-Teichmuller space parametrized by the supergeometries {Ê A M }. In terms of superghosts,
where B and C are anti-ghost and ghost superfields of U(1) weight 3 2 and −1 respectively, µ K , K = (k, b), are super Beltrami differentials, and I = I m + I sgh is the sum of the matter and superghost actions [5] . A formula similar to that given in equation (2) for the scattering amplitude of N external massless states appears in the twistor-string formalism [6] .
The Schottky uniformization of super-Riemann surfaces shall be used to study the superstring measure. The super-Schottky group is generated by g transformations T n , n=1,...,g, acting on the super-complex plane with coordinate Z = (z, θ)
where Z 1n = (ξ 1n , θ 1n ) and Z 2n = (ξ 2n , θ 2n ) are attractive and repulsive super-fixed points respectively.
It has been found that the measure on supermoduli space for the Neveu-Schwarz sector of superstring theory, corresponding to the propagation of bosonic states in the loops, is simpler than that of the Ramond sector [7] [8] [9] . The holomorphic part [10] [11] [12] multiplied by the period-matrix factor is 
where the infinitesimal super-projective invariant volume element is
and the super-period matrix is
Selecting B n to be 0 or 1, depending on the boundary conditions around the g B-cycles, produces 2 g spin structures associated with the exchange of bosonic states in the g loops.
The number N B α equals g n=1 B n N n α , where N n α is the number of times that the generator T n or its inverse in the product V α .
Because the measure (4) does not contain the contribution of the Ramond sector, it can only be used to obtain a partial estimate of the amplitude at large genus. However, the restriction to the Neveu-Schwarz sector just necessitates a larger integration region corresponding to the different spin structures, but this would only modify the bound by an exponential function of the genus, as the number of spin structures increases as 2 2g .
The choice of spin structure is defined by the sign of the square root K α in equation (4) . While a modular transformation may map the expression (4), with a given choice of signs for the square roots K n for all n, into a measure with different signs for the square roots, corresponding to other spin structures, it will be demonstrated later that the integral would be altered only by an exponential factor, from an analysis of sums of |K α | over elements of the Schottky group [4] and integration regions.
Certain advances have been made in obtaining the Ramond contribution to the full superstring measure. The non-zero mode part of the most general amplitude with an arbitrary number of Ramond loops g R and g NS Neveu-Schwarz loops [13] is
and the ghost zero-mode contribution from one Ramond loop is simply
where B g is a multiplier variable defined in terms of the fixed points in a subsequent formula and κ R is the fermionic modulus [13] .
The overall OSp(2|1) invariance can be used to fix two of the super-fixed points and the even coordinate of a third superfixed point, leaving 3g-3 even moduli and 2g-2 odd moduli amongst the super-Schottky group parameters [7] . The integration region is defined to be the fundamental domain of the super-mapping class group in super-Teichmuller space.
Equivalently, one may use the intersection of the fundamental region of the super-modular group in the space of positive-definite, symmetric super-period matrices with the set of T mn associated with a super-Riemann surface, which will be contained in the set of T mn such that the ordinary period matrix τ mn , the complex number-valued part of T mn , lies in a fundamental domain of the modular group and corresponds to a Riemann surface. This leads to an infinite number of conditions on the multipliers K n and fixed points ξ 1n , ξ 2n
[4] [14] .
It has been shown in the analysis of the closed bosonic string that these inequalities may be satisfied by certain categories of isometric circles, I T n = {z ∈Ĉ||γ n z + δ n | = 1},
which would then represent a subset of moduli space. In particular, the following configurations of isometric circles
describe a subset of Teichmuller space consistent with a cut-off on the radii of the isometric circles, or equivalently the size of the handles in the intrinsic metric on the surface, r
.
The absence of divergences in N-point superstring amplitudes at any given finite order in perturbation theory implies that the restriction on the minimum length of closed geodesics should be removed. Effectively closed infinite-genus surfaces, besides completing the domain of string perturbation theory, may have an essential role in the superstring path integral. Configurations of isometric circles arising in the super-Schottky uniformization of these surfaces shall then be included in the supermoduli space integral. The ranges
′′ > 1, and
2 , therefore will be considered also. While the parameters q, q ′ , q ′′ and q ′′′ are initially chosen to be continuous parameters, to avoid overcounting in the path integral, it is necessary to select a discrete set of values. Specifically, it is sufficient to sum over the values
with the values of q ′′′ specified later. The values of N follow from the non-overlapping of the ranges [4]. Similarly, non-overlapping of the ranges
and the last equality is satisfied by the sequence {q ′′ N } in equation (9) .
An estimate for the superstring path integral with measure (4) will now be given based on surfaces near the degeneration locus. The use of this measure initially reduces the divergence from d|K| |K| 3 (log|K|) 13 for bosonic strings to d|K| |K| 2 (log|K|) 5 for the Neveu-Schwarz string as |K| → 0, reflecting the existence of a tachyon in both cases and a shift in the value of the square of its momentum [16] . It has been noted, however, that an extra factor of K 1 2 in the holomorphic part of the measure arises for Ramond fermions circulating in the loops and also when the GSO projection is applied to the Neveu-Schwarz sector. A sum over spin structures, weighted with a phase factor (−1)
B n , introduces the factors
signalling the absence of a tachyon singularity. Given one odd spin structure and one even spin structure, all four spin structures may be obtained by using the two transformations τ → τ + 1, τ → − 1 τ and their product. It may be recalled that the sum over all four spin structures is required for the vanishing of the one-loop partition function (12) with the choice of phases η (++) = ±1, η (+−) = −1, η (−+) = −1 and η (−−) = 1 [17] . The choice of signs for spin structures at higher genus can be deduced by noting that the number of Dirac zero modes modulo 2 is additive when two Riemann surfaces are glued [18] .
Thus an odd spin structure at genus 2 is composed of an odd spin structure at genus 1 and an even spin structure at genus 1, while an even spin structure at genus 2 consists of a sum This difficulty of summing over the odd spin structures can be resolved by enlarging the set of 2 g spin structures to include an odd spin structure. This can be done as follows.
Considering the map from the parallelogram to the annulus, the target space coordinate is X = e 2πiz = x + θψ, under the transformation z → z + 1, X → X, but the fermionic coordinates change sign θ → e πi θ and ψ → e πi ψ. Since the annulus can then be mapped to the Schottky plane with two disks removed without changing the sign of the fermions, a change in the transformation of the Grassmann coordinate θ will induce a change in the sign of the world-sheet fermion leading to an odd spin structure.
While the choice of phase is required for the transformation of amplitudes corresponding to distinct spin structures, the absolute values of the amplitudes are also mapped into each other. Consequently, modular invariance is not only a property of the standard sum over spin structures with the correct phases in the superstring amplitude, but it is also valid for a sum of absolute values of amplitudes associated with different sets of spin structures.
Specifically, if η (i) denotes the phase associated with the spin structure (i) and σ r is the modular transformation, then the superstring amplitude A N,g = F g I N,g , where F g is the fundamental region of the modular group, is invariant so that
This sum can be arranged into sets, each consisting of 2 g spin structures, so that the sum over spin structures within any individual set introduces a factor of K
n , in the same manner as the sum over spin structures (11) odd spin structures are needed. An examination of the signs of the associated with the B-cycles reveals that it is this set of 2 g−1 odd and 2 g−1 even spin structures which allows for cancellation of the tachyon divergence, rather than the sets of 2 g even spin structures, other than the Neveu-Schwarz sector, that belong to the group {S r }. Beginning with this set, which may be labelled as S 2 , modular transformations might then be used to generate the remaining 2 g−1 (2 g − 2) odd spin structures and simultaneously 2 g−1 (2 g − 2) even spin structures, so that the sets S r , r = 3, 4, ... contain an equal number of odd and even spin structures. This description of the sets {S r } can be verified at arbitrary genus. This labelling can be done for genus 1, 2 and 3 in particular.
The existence of a modular transformation mapping the set S 2 into S r , r = 3, 4, ...
should follow from the absence of the tachyon singularity for each of the sets. The tachyon divergences in the limit |K n | → 0 cancel only when the correct choice of spin structures, consistent with modular transformations of the integrand corresponding to S 2 , is used.
One can consider the following sum over spin structures
where S 2 = {(a e )} ∪ {(a o )}, with {(a e )} representing even spin structures and {(a o )} representing odd spin structures, and S r = {σ r (a e )} ∪ {σ r (a o )}. The magnitude of this sum can then be bounded since
Each of the absolute values of the integrals, labelled by r, is free of the infrared divergence in the |K n | → 0 limit, since the sum over the 2 g spin structures in S r removes the tachyon singularity. This can be verified at genus 1, for example, as the infinities associated with the Neveu-Schwarz spin structures (−+) and (−−) in the limit τ → i∞ cancel
It will be shown in the following analysis that the absence of divergences in the limit |K n | → 0 is used in the proof of finiteness of the amplitudes in the other degeneration limits. This implies that when the divergences in these limits are eliminated, bounds on the magnitudes of the integrals
N,g will suffice to provide an upper bound on the total superstring amplitude
Another divergence associated with the coincidence of fixed points ξ 1n and ξ 2n arises in the Neveu-Schwarz sector, even after summing over spin structures. One might therefore wish to use the combination of the Neveu-Schwarz measure with the part of the Ramond contribution in equations (7) and (8) to estimate the genus-dependence of the amplitudes.
For example, the ghost zero-mode contribution at one Ramond loop contains a dependence on the multiplier variable B g which represents a softening of the divergences in the |B g | → 0 limit.
The actual finiteness of the superstring amplitudes demonstrates that use of the entire superstring measure would remove this divergence. The analysis of [6] shows that this is achieved by transferring the fixed-point divergence to an integral associated with the multipliers K n , which has been shown to be finite in the limit |K n | by the above argument.
Specifically, the fixed points can be expressed in terms of alternative variables B m and H m [11] which may be defined in terms of different radii in the representation of the Npunctured genus-g surface as the sewing together of 2g-2+N three-punctured spheres ( three-punctured spheres.
In the twistor-string formalism, the amplitude contains the picture-changing operators
, where Q is a BRST operator derived from the energy-momentum tensor and ghosts and ξ ± are spin-0 fermions required in the expression for the bosonized ghosts. The locations of the picture-changing operators are chosen to be arbitrary points on the 2g-2+N
spheres. Since a change in the location of
the contour of Q initially surrounds the curve joining the initial and final positions of the picture-changing operators [19] . In the degeneration limit H m → 0, where the Riemann surface splits into two components of genus g-1 and 1, the contour of Q can be pulled off the picture-changing operator to surround the three punctures of S i+g+N (Fig. 2 ). Around each of the sewed punctures is a closed loop C i or radius R i and the contribution from each of the Beltrami differentials is
Around the first puncture is the contour integral involving the Beltrami differential for K n , while at the third puncture is the operator
where c is a right-moving boson of spin-1 2 , φ ± are two scalar bosons of screening charge 2 defining the bosonized ghosts, h ± are a pair of right-moving spin-0 fermions [6] . Anticommuting Q with the Beltrami differential for K n produces a derivative with respect to K n . This total derivative does not represent a divergence because the amplitude already has been shown to be finite at the boundary K n = 0. Anticommutation of Q with the operator at the third puncture produces no terms with zero-modes of the spin-0 fermions ψ ± , and therefore the amplitude is independent of the locations of the picture-changing operators. Since all of the picture-changing operators may be moved to the third puncture, the zero-modes of ψ + and ψ − cancel, implying that the amplitude associated with the genus 1 component of the Riemann surface vanishes [6] . This leaves the contribution from the boundary of the K i region and, in this sense, it represents a transfer from an integral involving H m to a finite integral involving K n . Consequently, divergences are absent in the (Type IIB Green-Schwarz) superstring amplitudes in the degeneration limit H m → 0.
A similar argument may be used to demonstrate that the amplitudes are also finite in the
This finiteness result, valid at any given order, suggests a genus-dependence for the superstring amplitudes mentioned in the introduction. As the amplitude is finite in each of the degeneration limits K n , H m , B m → 0, and the leading-order behaviour of large-order amplitudes is essentially determined by taking these limits simultaneously, it follows that the products of the integrals over these multipliers should be bounded by an exponential function of the genus, B However, any conclusion derived from the boundedness of the amplitudes in each of the degeneration limits can be improved by a more precise estimate of the genus-dependence at large orders. Ideally, therefore, one would like to begin the present calculation of the amplitudes with the entire superstring measure. The argument of [6] , transferring the problem of the fixed-point divergence to the multiplier integral, implies that one can proceed with the estimate of the amplitudes using the measure for the Neveu-Schwarz sector and the measure for the Ramond sector, with the appropriate sum over spin structures, and apply modular transformations to obtain bounds for the sum over all 2 2g spin structures.
This procedure would be essentially equivalent to setting an upper bound for an amplitude using the hypothesized divergence-free superstring measure in the super-Schottky paramatrization. Moreover, in terms of the sums over spin structures,
Since the integral involving the spin structures {σ r (a e )} ∪ {σ r (a o )} has been converted to an integral involving the spin structures {(a e )} ∪ {(a o )} = S 2 , with a different integration region, it is sufficient to consider just the spin structures in S 1 and S 2 and to determine the effect of integrating over a different region in Schottky group parameter space. Upon evaluation of the integrals over the ranges for the parameters K n , ξ 1n , ξ 2n specified earlier, it follows that the shift of the integration region from F g to σ −1 r (F g ) will change the bound on the absolute values of the integrals by an exponential factor σ(r) g . Let σ max = max r σ(r).
for some positive integer k. As mentioned earlier, the spin structures in S 2 can be obtained by changing the boundary conditions for world-sheet fermions at one of the A-cycles. Since this seems to be equivalent to changing the boundary condition for a single Grassmann coordinate, the bounds on the integral corresponding to the set S 2 should differ from those for S 1 only by an exponential factor of the genus. It therefore follows from equation (20) that the estimates of the amplitudes given below should have the same genus-dependence as those for the full superstring measure.
Combining the holomorphic part of the measure with its complex conjugate gives a multiplier integral with a dominant part
in the limit |K n | → 0. With the limits in categories (i) and (ii), the integral gives a factor
). For the third category of isometric circles, a factor of circles in the third category to the multiplier integral is
In this formula,q ′ represents a weighted average of the values q ′ m associated with the N 0 isometric circles in the first two categories. There are  
where
The relation involving H n can be inverted to give
The dominant contribution to the integral over |H n | in N-point superstring scattering amplitudes with N ≥ 4 produces a dependence on the fixed point distance of
This may be verified using the super-fixed points Z 1n and Z 2n .
For the parameters associated with the g − N 0 remaining isometric circles in the third category, the constraints (Im τ ) ss ≥ (Im τ ) rr , s ≥ r, lead to a reduction of the integral by a factor of (g − N 0 )!. After summing over the possible values of N 0 , the combination of the integrals over the multipliers K n and H n with the weighting factors is bounded above
The combinatorial factor However, as the genus increases, the values of Im τ nn for the circles in each of the local neighbourhoods overlap, and the inequalities obeyed by the representative circles will no longer be sufficient to imply the inequalities for the entire set of (g − N 0 ) circles. In the large-genus limit, conditions on the absolute values of the multipliers will again have to be imposed, leading to a further reduction of the integral. Alternatively, one may state that J tends to 1 in the large-genus limit.
The division by (g − N 0 )! rather than (g−N 0 ) J ! leads to an upper bound depending exponentially on the genus for all N 0 , as the combinatorial factor is less than
Each of these upper bounds must be multiplied by the number of partitions (22) for each value of N 0 , and since this is less than (ln g) 2N 0 , the sum (26) is bounded above by
As 1 ≫ 
s nn is a least upper bound f or
implying that the restriction to a single fundamental domain requires
Thus,
< 1 and the first term in the bound (28) decreases exponentially. From this result, it follows that the sum over genus of the moduli space integrals defined by the class of Riemann surfaces associated with the first three categories of isometric circles is finite. Finiteness of these integrals at large orders in perturbation theory contrasts with the rapid divergence of the regularized vacuum amplitude in closed bosonic string theory [2] .
Another class of surfaces that might be included in the superstring path integral are spheres with an infinite number of handles decreasing in size and accumulating to a point.
These surfaces may be constructed using infinitely generated groups of Schottky type, joining together isometric circles by projective transformations in the extended complex plane [20] . Labelling the handles by the index n, the decrease in the square of the radii of the isometric circles, |γ n | −2 ∼ 1 n q ′′ characterizes the surfaces to be included in the path integral. From the leading behaviour of the multiplier integral, the contribution of a configuration of isometric circles with q ′′ N given in equation (9) may be estimated.
While the measure (4) indicates that the product over n of the integrals (32) be evaluated, it is more useful to first sum over the indexÑ as this will allow for the inclusion of all possible combinations of limits for the multipliers and fixed points.
Having specified the limits for |K n |, one may note that the possible values of q ′′′ consistent with non-overlap of the intervals for |ξ 1n − ξ 2n | are
As the super-fixed-point integral gives |ξ 1n − ξ 2n | −2 , it will grow as n 2q ′′′ , which will be shown to give rise to a divergence when q ′′′ > 1 2 . However, it is also essential to eliminate the overcounting of surfaces, which would arise when including every value of q Pinching one handle produces a surface at the boundary of moduli space, or equivalently, at the boundary of a string vertex, denoted by ∂M g,0 and ∂V g,0 respectively at genus g [21] .
Removing the two new punctures in the manner using an analytic map [22] 
An upper bound for the integrals over the fixed points would then grow as n 2x .
The constraints defining the fundamental region of the modular group, (Im τ ) ss ≥ (Im τ ) rr , s ≥ r generally reduce the integration range of the Schottky group variables.
However, they are only relevant when the intervals
Assuming temporarily that the genus is finite and an integer between , for some integer y, the restrictions on each group of multipliers K n with n lying between the numbers 1,
.. leads to a combinatorial factor
Defining the variable
one finds that the combinatorial factor (37) is less than
The sum of the fixed-point integrals over all values ofÑ ′ up to the maximum value in equation (34) grows as
Multiplying this sum with the estimate (32) and dividing by the combinatorial factor arising from the action of the modular group gives 1 (g!) (39) in the limit g → ∞ when n 1 N ′ max − 1 = 2x. Since it is assumed that x < 1, the upper limit in equation (34) implies that the last expression in equation (39) been demonstrated by sewing together three-punctured spheres, labelling the radii R j , j = 1, ..., 3g − 3 + N of the sewed punctures as K n , B m , H m and L i (for external legs), and considering the limit as |R j | → 0 [6] . For the limits |B m |, |H m | → 0, a finite result is obtained after replacing picture-changing operators by commutators of BRST charges with bosonized ghosts and pulling the BRST charge through the Beltrami differential for K n , leaving a finite integral at the boundary |K n | = 0 and an amplitude, involving picturechanging operators at a single puncture, which must vanish by the cancellation of fermion zero modes [6] . By a parallel argument, similar to the one given before equation (34) [15] . Other exponential factors arise from the angular integrations of the arguments of K n and ξ 1n − ξ 2n , the integrations over ξ 2n and the primitive-element products in the measure (4) . Although the powers in the primitive-element products in this measure differ from those in the bosonic string measure, the bounds obtained in [4] suggest that the products in superstring measure will also be bounded by an exponential function of the genus. Finally, a sphere with an infinite number of handles may have more than one accumulation point, and generically, an infinite-genus Riemann surface will have a Cantor set of ends [25] , and, if these surfaces can be consistently included in the superstring path integral, the counting of these surfaces would affect the estimate (39) again by an exponential factor.
An alternative calculation switching the roles of the magnitudes of the multipliers |K n | and the distances between the fixed points |ξ 1n − ξ 2n | so that the values ofÑ are limited while the values ofÑ ′ are allowed to be arbitrarily large gives a divergent result, but it is not related to the moduli space integral above, because the elimination of handles on the surface, required in placing an upper limit onÑ , involves the degeneration limit |ξ 1m − ξ 2m | → 0, with m = n 2 for example, rather than |K m | → 0, as the magnitude of |K n | has already been fixed by the choice ofÑ . Since the degeneration limit leads to divergences, the pinching procedure relating configurations of isometric circles of different N does not involve a finite change to the integrals. Thus, the bounds with this range for N andÑ ′ are not related to the estimates given in equation (39) .
It may also be noted that the non-vanishing of the integrals for finite g is not inconsistent with the vanishing of the superstring amplitudes with less than four massless external states. The integral of the complete measure, including the Ramond sector, over the entire integration range, would be required for a direct comparison. Moreover, it is sufficient to prove finiteness, removing the need to introduce a cut-off near the boundary of moduli space, as the BRST contour integral arguments can then be used to prove the non-renormalization theorems [26] [27] [28] . Similarly, even though the Euler character of moduli space grows asymptotically as (−1) [29] , the genus-dependence of the volume is affected to a greater extent by the choice of measure. While there is a rapid, nearly factorial growth of the volume following integration of the bosonic string measure over a subset of moduli space [4] , the genus-dependence of the corresponding integral is changed significantly by use of the superstring measure (4).
These estimates do depend on the validity of applying the measure in super-Schottky group coordinates to an integral over all of supermoduli space. Integration over the odd moduli in superstring amplitudes is known to produce a density over moduli space which possesses a total derivative ambiguity associated with a change in the choice of the basis of super-Beltrami differentials [30] [31] [32] . This integration ambiguity is related to the lack of positive semi-definiteness of the superstring measure on a good global slice, which follows from the absence of a global holomorphic section of the universal Teichmuller curve [31] . Moreover, integration over the odd moduli requires that there is a splitting of su-permoduli space into even and odd coordinates. The global obstruction to the splitting of supermoduli space can be circumvented by removing a divisor D g of codimension greater than or equal to one from the stable compactification of moduli space,M g . Integration of a measure with the holomorphic factorization property [33] [34] is possible, when it is defined over a subset of moduli space and in particular for the ranges of variables considered earlier. The integral over all of moduli space in superstring scattering amplitudes would differ in the large-genus limit, therefore, from the estimates based on these subdomains by a contribution from the divisor. This, in turn, has been related to tadpoles of massless physical states at lower genera [32] . Tadpole diagrams vanish in stable vacua and more generally, if an exponential dependence on the genus of the scattering amplitudes is assumed up to genus g-1, the contribution from the boundary of moduli space should also be bounded by a function of the same order, and it follows that this dependence would continue to hold at genus g. By induction, the exponential dependence should then be valid for arbitrarily large genus. Finally, there exist other formalisms which avoid the multi-loop ambiguity although they are not directly related to the approach based on a super-Schottky parametrization of supermoduli space. In the light-cone supersheet formalism, the boundary in supermoduli space is determined by the requirement that the bosonic moduli are pure complex numbers without nilpotent parts [35] , eliminating the ambiguity arising from integration over Grassmann variables. Finite, unambiguous scattering amplitudes can also be defined in the twistor-string formalism, which makes use of space-time supersymmetry generators that are independent of the bosonized super-reparametrization ghost fields having poles given by total derivatives in moduli space [28] , and it has been suggested previously that the exponential dependence on the genus could be derived after considering the various degeneration limits of these amplitudes.
The vanishing of N-point amplitudes for N < 4 provides the first indication that the superstring amplitudes do not necessarily grow at a factorial rate with respect to the genus. Similarly, vanishing of superstring amplitudes has been established when g + N ≤ 8 [36] . Until recently, however, it has been difficult to determine the superstring scattering amplitudes at high genus. The only result that has been established thus far has been a consequence of a technical argument relating N=2 string theories with topological field theories. This connection implies that there is a relation between special type II string amplitudes in orbifold and Calabi-Yau backgrounds and topological string amplitudes at any given genus [37] [38] . It is therefore of interest to be able to estimate the generic superstring scattering amplitude with an arbitrary number of vertex operators, receiving contributions from all genus. This follows from the bounds in this paper because the N-point g-loop scattering amplitude is typically given by
which may be bounded by
where N (D g ) is a neighbourhood of the compactification divisor and a subset of supermoduli space, which has measure zero in the large genus limit. For the R = −1 slice of
and using a subtraction procedure [39] to remove divergences in the correlation function associated with the coincidence of vertex operators and to bound its magnitude
, it follows that the upper bound (41) is less than
. Lower bounds of this type may also be derived provided there is a suitable lower bound that can be used for expressions containing the supermoduli space integral. Since this particular integral, after the sum over spin structures, actually vanishes, the lower bound that should not be determined strictly by the magnitude of this integral; rather, it should allow for the weighting of the spin structures to be altered in the integration of the correlation function over supermoduli space, leading to a non-vanishing amplitude. It may be noted that the bound (43) involved estimates of N-point functions on surfaces which lie at the boundary of moduli space. In the infinite-genus limit, one is led to consider N-point functions on spheres with an infinite number of handles of decreasing size. One class of N-point functions has been studied in [20] .
The genus-dependence of the special scattering amplitudes can be obtained from the general estimates (43) . Specifically, the genus-g type II string amplitude A 2g,g in an orbifold or Calabi-Yau background, with 2g vertex operators including 2g-2 graviphotons and 2 gravitons, is equal to
where F g is the partition function of a topological string theory. The partition function for a topological field theory defined over a particular manifold M typically is given by the product of the partition function over the submanifolds M i , such that M is the topological sum ∪ i M i , so that the partition function for a genus-g surface Z g would be c g Z g 1 . For a topological gravity theory, the genus-g partition function will also involve a contribution from a supermoduli space integral associated with modular deformations along the collars joining the tori. Since the magnitude of this supermoduli integral has already been estimated, the genus-dependence of the partition function F g should still be exponential, and indeed, this has been established in several papers [38] [40] [41] . Consequently, the type II string amplitude is A 2g,g = c 1 c g 2 (g!) 2 , consistent with the bound (44) upon setting N equal to 2g.
The results obtained here imply, therefore, there is a higher degree of finiteness in the superstring theory in the large-genus limit when modular invariance is considered. The upper bound (28) decreases exponentially with respect to the genus, indicating that there may exist an exponential bound for the higher-point superstring amplitudes. In this case, the perturbation series could be made to converge for an appropriate choice of the string coupling constant or dilaton expectation value. It may be noted that the estimates in this analysis are based on an exhaustion of moduli space in the large-genus limit. A further contribution to the moduli space integrals, with a different dependence on the genus, is conceivable, but the corresponding ranges of the super-Schottky group parameters at large genus have not been considered relevant in this approach. Furthermore, improved summability of the perturbation series would be associated generally with stability of the superstring vacuum. This property might be verified independently by applying positiveenergy theorems to the corresponding supersymmetric backgrounds, in particular R 10 .
The estimates given here can also be regarded as consistent with the addition of the exponential non-perturbative effects associated with the joining of boundaries to the worldsheets. The amplitudes corresponding to surfaces with boundaries attached behave as [42] . When Dirichlet boundary conditions are applied to all of the coordinates, the boundary can be mapped to a single point and corresponds to a D-instanton. The one-D-instanton amplitude is given by
where < 1 > D 2 is the disk amplitude with no vertex operators and has weight − 1 κ str [42] .
It may be noted that string divergences, arising when the vertex operators approach the Dirichlet boundaries, are eliminated by a Fischler-Susskind mechanism, in which amplitudes, associated with different numbers of boundaries cancel [42] [43] . Exponential nonperturbative effects of the order of exp(− 1 κ 2 ) typically arise in quantum field theories as a result of non-Borel summability of the perturbation series [44] . Here the non-perturbative amplitudes can be regarded as a separate contribution to the sum over surfaces, to be added to the amplitudes corresponding to the closed surfaces. A complete formulation of string theory requires a sum over specific boundary types, and the leading non-perturbative effects result, for example, from the addition of Dirichlet boundaries. Distinct boundary types also occur in the separation of categories of surfaces into O G and P G surfaces, studied in the infinite-genus limit of the S-matrix expansion [4] [20] . Further progress on a formula for the S-matrix including the combinatorics of boundaries on the string worldsheets has been recently been reported in [45] . The scattering amplitudes defined in this article arise as the logarithm of the first term in the series expansion of the generating functional
where S (0) is the path integral over connected worldsheets with no boundaries, S (n) is the functional integral over worldsheets with boundaries fixed at n points y i and
without the zero-boundary term.
The exponential bounds for the amplitudes, based only on the sum over closed surfaces, are therefore not inconsistent, in this scheme, with the non-perturbative effects that have been expected to be present in string theory. Further support for the estimates of superstring amplitudes in this article comes from the convergent perturbation expansion for QED with fermions and finite ultraviolet and infrared cut-offs [46] . From the work on bosonic string theory, one sees that the ultraviolet cut-off in this theory is equivalent to the Gross-Periwal cut-off, while the infrared cut-off removes the divergences in the infrared limit, analogous to the effect of supersymmetry on string amplitudes. It is conceivable that this version of the QED model may arise in the low-energy limit of superstring theory, providing an explanation for the dependence of the amplitudes on the loop order.
It has recently been shown using duality in supersymmetric gauge theories that the strong-coupling regime defined by electric variables is related to the weakly-coupled regime based on magnetic monopoles [47] [48] . This approach might also be relevant in developing a complete, non-perturbative formulation of QED, free of divergences of the charge-charge coupling at small length scales [49] . A step towards such a theory has been made by showing that the coupling of an electric charge to lines of magnetic flux increases less rapidly, as the length scale decreases, than the coupling of two electric charges [49] , thus reminiscent of the phase of supersymmetric gauge theories corresponding to a weakly-interacting system of magnetic monopoles and abelian photons.
These results also have an analogue in superstring theory [50] [51] [52] . Specifically, there is a transformation in the S-duality group of the type II superstring and heterotic string theories interchanging electric and magnetic fields, while mapping the dilaton field Φ to -Φ, so that the string coupling constant κ 2 str =< e 2Φ > is mapped to its inverse . This suggests it may be feasible to completely determine the S-matrix for the type IIB superstring, since calculations of scattering amplitudes can be done explicitly in the weak coupling limit. Recently, it has been shown also that the strong-coupling limit of a ten-dimensional type IIA string theory is related to the weak-coupling limit of elevendimensional supergravity [54] . One might therefore be able to improve on earlier studies of quantum amplitudes for the eleven-dimensional theory. Moreover, it is known that certain soliton states of both type II superstring theory and heterotic string theory, saturating the Bogomol'nyi bound and forming representations of SL(2; Z), may be identified with extreme black holes [53] [55]. The extreme black hole solutions, which possibly could be used to describe stable elementary particles [55] [56], also represent background geometries for which the amplitudes could be evaluated. Conclusions about the bounds for the amplitudes may determine certain properties of the states associated with extreme black holes.
Finiteness of superstring amplitudes at any given order of perturbation theory implies that a cut-off does not need to be introduced in moduli space and and that ambiguities associated with surface terms arising from total derivatives resulting from changes in the locations of picture-changing operators are eliminated [6] [31] [57] . In particular, vanishing of the vacuum amplitude at each order in perturbation theory follows from its representation as the integral of a total derivative on the compactified moduli spacē M g . Similarly, the full vacuum amplitude, given by a sum of multi-loop amplitudes, may be regarded as the integral of a total derivative on the universal moduli space [22] [24]
Sym k (M g ) , and thus, it will be determined entirely by its behaviour at the boundaries. It is conceivable that sums over surfaces with Dirichlet boundaries and infinite genus might provide a non-vanishing but not divergent contribution to 'vacuum' amplitude, signalling the breakdown of supersymmetry. There might exist a mechanism then for breaking supersymmetry without affecting finiteness of the superstring amplitudes. Moreover, depending on the structure ofM ∞ , the combination of finiteness and supersymmetry breaking may select a specific value of the string coupling constant, which could then be compared with phenomenological values arising in unification models.
The results in this paper represent a further demonstration of the finiteness of superstring theory. While previous studies have been concerned with finiteness at any given order, it is shown here that the leading behaviour of particular moduli space integrals appears to depend only exponentially on the genus. These conclusions were derived using 
